A survey is given on the status of 3-loop heavy flavor corrections to deep-inelastic structure functions at large enough virtualities Q 2 .
Introduction
The determination of fundamental parameters of the Standard Model such as the strong coupling constant α s (M 2 Z ) [1] and the mass of the charm quark m c [2] from the precision World data on unpolarized deep-inelastic lepton-nucleon scattering requires the complete 3-loop QCD corrections. While the massless 3-loop corrections are known [3] [4] [5] , the calculation of the massive corrections at higher values of Q 2 /m 2 c > ∼ 10 is underway [6] . Here q denotes the 4-momentum transfer to the hadronic system and Q 2 = −q 2 . The 2-loop corrections are known in semi-numerical form [7] 1 and for large values of Q 2 , Q 2 /m 2 c > ∼ 10 also in analytic form [9, 10] . A series of Mellin moments of the 3-loop massive corrections has been computed in Ref. [11] for the operator matrix elements (OMEs) and Wilson coefficients contributing to the structure function F 2 (x, Q 2 ) mapping the problem to massive tadpole-structures, which have been calculated using MATAD [12] . All logarithmic terms to 3-loop order have been calculated both for the massive Wilson coefficients as well as for the 3-loop transition matrix elements in the variable flavor number scheme (VFNS) in Ref. [13] , referring also to the massive 2-loop OMEs up to O(ε) [14, 15] , the 3-loop anomalous dimensions [3, 4] , and the 2-loop massless Wilson coefficients [16] . At 3-loop order all T 2 F N F -terms have been calculated [17] , as well as the T 2 F -terms for the gluonic OMEs [18] . The asymptotic 3-loop contributions to the structure function F L (x, Q 2 ) were calculated in [13, 19] and charged current corrections up to 2-loop order were given in [20] . In a series of technical papers we presented details of the calculation technologies used [21] [22] [23] and the properties of mathematical structures occurring [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
In this note a survey is given on the status of the 3-loop heavy flavor corrections to deepinelastic structure functions, with emphasis on recent developments. There are five different contributions to the structure functions F 2,L (x, Q 2 ) from 3-loop order onward. So far four of them have been completed and all the iterative-integral (over general alphabets) contributions to the Wilson coefficient H (3) 2,g in the contributing master integrals have been calculated. In the VFNS, eight different OMEs are relevant (counting also transversity), out of which seven have been completed. Here most recently we obtained a representation of the Mellin moments for general even integer values of N of the OME A (3) gg [37] . After a brief introduction into the formalism, we discuss a series of aspects of the calculation of master integrals and present then numerical results on the different heavy flavor Wilson coefficients and OMEs contributing to the structure function F 2 (x, Q 2 ), [38] [39] [40] [41] [42] . While the former results presented refer to the case of N F massless and a single heavy quark, we also briefly comment on some analytic results for two massive flavors.
Basic Formalism
In the leading-twist approximation the deep-inelastic structure functions F 2,L (x, Q 2 ) factorize into the non-perturbative parton distribution functions f j and the Wilson coefficients C j,(2,L) , which can be calculated perturbatively [43] ,
Here x denotes the Bjorken variable x = Q 2 /Sy, with S the cms energy squared and y = 2P.q/S the inelasticity, P the proton 4-momentum, µ denoting both the renormalization and factorization scale, and ⊗ denotes the Mellin convolution
The Wilson coefficients contain massless (C j,(2,L) ) and massive (H j,(2,L) ) contributions, written here in Mellin space
At large scales Q 2 the massive contributions
factorize [9] into the massless Wilson coefficients and the massive OMEs A i j . We are performing the analytic calculation of these quantities and obtain the massive Wilson coefficients at large enough scales Q 2 to F 2 (x, Q 2 ), for Q 2 /m 2 > ∼ 10 at the 1% level. The explicit representation of the Wilson coefficients and the transition formulae in the VFNS for N F → N F + 1 massless quarks to 3-loop order has been given in Ref. [11] . The OMEs having been calculated so far allow to represent
the transition in the non-singlet case and for the gluon distribution to 3-loop order. Here, f k denotes the kth massless quark densities, Σ = ∑ k ( f k +f k ) the singlet-and G the gluon distribution function.
We turn now to the analytic calculation of the OMEs.
Calculation of the Master Integrals
Due to the large number of integrals being associated to the Feynman integrals contributing to the eight principal OMEs, we use the integration-by-parts relations (IBPs) [44] implemented in the package Reduze2 [45, 46] and reduce them to master integrals. An overview on the respective numbers is given in the following For the calculation of the master integrals different analytic technologies are used, see Refs. [23, 47] . The simplest topologies can be represented by generalized hypergeometric functions and their extensions [48] and expanded in the dimensional parameter ε leading to nested finite and infinite sums. In more involved cases, Mellin-Barnes representations [49] need to be used in addition, which also lead to multiple sum representations. In case of Feynman diagrams without singularities in ε also the method of hyperlogarithms [50] [51] [52] can be directly applied. The next general class of cases can be solved using the method of differential equations [53] for linear systems of master integrals. In the present calculation one auxiliary parameter emerges due to the formal resummation of the local operator insertion into propagator terms, the simplest example being
In Refs. [23, 47] we have developed an algorithm for solving these systems in the form they appear in the calculation with no need to choose a special basis [54] . The differential system is cast into a higher order difference equation by using a decoupling algorithm [55] and then solved using the methods encoded in the package Sigma [56, 57] . The remaining equations of the system are solved subsequently as linear equations. The corresponding initial values are obtained for fixed Mellin moments and are obtained from the equations given by the IBPs. In some cases it is advantageous to compute the given multiple integrals using the (multivariate) Almkvist-Zeilberger Theorem [58] as integration method. Most of the above methods lead to nested finite and infinite sums after expanding in the dimensional parameter ε, which again have to be solved using modern summation technologies [59] [60] [61] [62] [63] [64] [65] [66] [67] , encoded in the packages Sigma [56, 57] , EvaluateMultiSums, SumProduction [68] , SolveCoupledSystem [23] , ρSUM [69] , and MultiIntegrate [70] . Moreover, mutual use is made of the package HarmonicSums [33-35, 70, 71] . The differential equation method leads to sequential difference equations in a different way, which are also solved using difference-field theory.
Using these methods seven out of eight OMEs could be completely calculated. In fact we could calculate all master integrals also contributing to A (3) Qg , that lead to iterative integrals over whatever alphabet. There remain 105 master integrals containing non-iterative integral parts, forming classes of a new kind.
Numerical Results
In the following we would like to present some numerical results for the massive Wilson coefficients contributing to the structure function F 2 (x, Q 2 ) at larger values of Q 2 up to 3-loop order in the strong coupling constant a s = α s /(4π) and for OMEs in the VFNS. In Figure 1 we we illustrate the contributions up to O(a 2 s ) and O(a 3 s ) to the structure function F 2 (x, Q 2 ) referring to the parton distribution functions [72] here and in the following and m c = 1.59 GeV in the on-shell scheme [2] . It turns out that the 2-loop corrections are even smaller than those at 3-loops because of a small x effect contributing from 3-loops onward. In Figure 2 we illustrate the 2-and 3-loop flavor non-singlet heavy flavor contributions to the structure function F 2 (x, Q 2 ) as a function of x and Q 2 . The 3-loop corrections lower the contributions obtained at 2-loops. The corrections are of the 1% level. In the flavor non-singlet case all transition functions in the VFNS are available, and we illustrate also the ratio of the non-singlet u +ū-quark contribution of 4-to 3 flavors as a function of x for different matching scales. While at small x the 2-loop effects are tiny, the 3-loop effects show some dependence both at small and larger values of x.
Turning to the polarized case, we illustrate in Figure 3 the ratio of the charm contribution to the massless contributions to g 1 (x, Q 2 ) as a function of x and Q 2 up to 3-loop order. It turns out to be positive in the region of lower x. The correction becomes negative at large values of x and amounts to a few percent. Similarly, we have calculated the 3-loop heavy flavor corrections to the non-singlet structure function x(F W + 3 + F W − 3 ). Here the heavy flavor correction varies from +3% to −4% from small to large x. In Figure 4 we illustrate the 3-loop pure-singlet corrections to the structure function F 2 (x, Q 2 ). First we consider the constant part of the unrenormalized OME as a function of x. There is a prediction of the most singular small x contribution [73, 74] , which is analytically confirmed in our calculation. However, this term is misleading and describes this correction nowhere, since subleading terms are of the same size and are therefore important, cf. [75] . The massive puresinglet corrections are larger than those in the non-singlet case and again the 3-loop corrections are relevant.
A gg (N)
Most recently we have calculated the OME A gg (N) at 3-loop order contributing in the VFNS. In a first step we calculated this OME for all its even integer moments for N ≥ 2. Here the part not induced by renormalization and factorization is the constant part of the 3-loop unrenormalized matrix element. Its principal structure is given by
displaying some of the new nested sums, with P j polynomials in N. The contributions ∝ N F T 2 F or T 2 F were calculated before. Also, with this calculation we have rederived all the contributions to the 3-loop anomalous dimensions ∝ T F .
Analytic Two-Mass Contributions
In the previous sections we have discussed the case of N F massless and one massive quark. Starting with 3-loop order, there are also graphs that contain two massive lines of different mass. The usual VFNS, cf. e.g. [11] , is therefore no longer applicable and one cannot define individual heavy flavor parton densities anymore. This is due to the fact that the ratio η = m 2 c /m 2 b is ∼ 1/10 only and charm cannot be considered to be massless already at the bottom mass scale. In [51, 76] we have calculated the moments N = 2, 4, 6 for all contributing OMEs to a precision of better than 10 −4 using the package q2e [77] . The complete results in the non-singlet case and for all contributing scalar integrals to A (3) gg have been calculated in [51, 78] . Here various new iterated integrals over root-valued letters appear with also the variable η as parameter. Calculating these corrections for general values of the Mellin variable N, it is not always possible to expand in the parameter η. We therefore have calculated the complete corrections analytically in these cases.
Conclusions
In 2009 a series of Mellin moments up to N = 10 − 14 for all massive 3-loop OMEs and Wilson coefficients have been calculated, followed by the computation of the first two massive 3-loop Wilson coefficients for
(N) and L c /m 2 b not always commutes with the functional structure in N, unlike the case of fixing N a priori. We also calculated the charged current Wilson coefficients up to O(α 2 s ) correcting some errors in the foregoing literature. In all cases the corresponding 3-loop anomalous dimensions were computed as functions of N and x resp., those for transversity for the first time ab initio. The corresponding contributions are ∝ N k F , k ≥ 1, the latest example beingγ (3) gg . In the pure singlet case this is the first complete recalculation using a different method than in Ref. [4] . All master integrals for A (3) gg,Q have been computed and the complete expression for general values of N = 2k, k ∈ N, k ≥ 1 has been calculated in 2015. The computation of the OME A (3) Qg (N) made also some progress. Here all master integrals that can be thoroughly represented as nested sums in difference fields have been calculated. A series of new computer-algebra and mathematical technologies were developed and encoded in the still growing packages Sigma, EvaluateMultiSums, SumProduction, SolveCoupledSystem, ρSum, HarmonicSums and MultiIntegrate for efficient use. In the present project still more involved structures await their analytic solution. As for those structures having been found in the past we expect that they also appear in other massive higher-loop precision calculations in collider physics.
